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Abstract:  With the development of aeronautic and astronautic techniques, radiation becomes much more 
significant while the structure is exposed to the higher and higher temperature. Most of the current finite 
element software packages treat it using the net-radiation method or absorbed radiation method based on the 
assumption of isothermal surface with uniform radiation heat flux, which brings the conflict between the pre-
cision and the quantity of grids. Using integral method to compute the variable radiation heat flux in 
higher-order finite element, the precision can be improved greatly while using the same quantity of grids, 
because it is more consistent with the distribution of real temperature. In this paper, the integral is only 
processed on the same integral points as those used for solving the finite element equations, so it may be of high 
efficiency. In an academic testing model, the result is contrast to which get in ANSYS, proving the high 
precision of the method. Then an actual sandwich panel used in the thermal protection system is analyzed with 
the method, and the error is comparatively low to the analytical answer while the computation being of high 
efficiency. Key words:  radiation；finite element；integral method；ANSYS software 
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摘  要：随着航空航天技术的发展，飞行器热结构所需承受的温度越来越高，辐射换热变得非常
重要；当前大部分商业软件对于辐射问题的有限元计算方法还是基于一致表面温度和辐射热流假
设，使得计算精度和网格密度的矛盾越来越严重。进行了选用高阶单元、采用高斯积分精确计算
单元表面变辐射热流方法的研究，从而摆脱了一致表面温度和辐射热流的假设，使得在相同网格
密度的情况下计算精度大大提高；同时，从包含辐射换热问题的有限元计算方程出发，采用与有
限元数值计算时相同的积分方案，只在独立的积分点处计算辐射热流，克服了积分方法计算效率
低的缺点。经与 ANSYS 的计算结果对比，应用辐射热流积分方法于高阶单元能大大提高计算精
度；并且在相同计算精度条件下，此方法的计算效率更高，具有一定的实用价值。 
关键词：辐射；有限元；积分方法；ANSYS 软件 
文章编号: 1000-9361(2006)03-0192-06      中图分类号: TB115; O242.21      文献标识码: A 
 
 
                                                 
Received date：2005-08-08；Revision received date：2005-11-21 
 
The methods currently used in finite element 
analysis for surface-to-surface radiation thermal exchange 
between gray surfaces were developed about 50 years ago, 
which is based on low-order interpolation functions. By 
now, the finite element method has been developed further. 
In the field of structure analysis, most of the commercial 
software packages on the market (e.g.， ANSYS, 
NASTRAN, etc) provide elements that have quad-
ratic or higher-order interpolation functions. But in 
the field of thermal analysis, elements with 
higher-order interpolation functions have been de-
veloped only for conduction problems. One tradi-
tional method for computing radiation heat transfer 
was developed by Hottel[1,2] and separately by Pol-
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jak[3], which is called net-radiation method. An-
other method called absorbed radiation method 
was developed by Gebhart[4-6]. Chung and Kim[7] 
developed a method for computing view factors 
using isoparametric mapping techniques from finite 
element analysis. Argyris[8-10] and others incorpo-
rated the direct computation of radiant heat fluxes in 
their finite-element formulations. However, all the 
above methods suffer from the assumption of con-
stant temperature and radiation heat flux along a 
surface. Apparently, the assumption will introduce 
more or less error[11,12]. In order to minimize the 
error, the mesh size must be controlled to keep suf-
ficiently small so that the elements have a relatively 
uniform temperature, which places an undesirable 
restriction on the analyst that it leads to a large 
number of elements for structures having significant 
temperature variations. The restriction severely lim-
its the application of the finite element method for 
radiation exchange in the aeronautic and astronautic 
industries.  
It is feasible to use higher-order polynomial 
interpolation functions to capture the temperature 
variation within an element more accurately. In the 
cases that the radiation exchange is an important, if 
not dominant, mode of heat transfer, techniques 
must also be developed to calculate the variable 
radiation heat flux over an element surface[13]. Dana 
calculated the variable radiation heat flux in 
straight-sided element[14]. In order to use the meth-
odologies that will enable the use of higher-order 
finite element methods for the radiation heat transfer 
analysis of astronautic industry structure, Gauss 
integration method is introduced to compute the 
variable radiation heat flux over the surface of the 
higher-order elements. The method has the potential 
to produce more accurate solutions, so it may be 
valuable.  
1  Formulation of the Finite Element 
HeatTransfer Equations 
The governing equation for heat conduction in 
a three-dimensional solid comes from the conserva-
tion of energy principle and can be written as 
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where qx,qy and qz are the components of the heat 
flow vector in the Cartesian coordinates, Q is the 
heat generation, ρ  is the density, c is the specific 
heat, T and t are the temperature and time respec-
tively. The solution of this equation is subject to 
initial and boundary conditions. In particular, con-
vection and radiation heat transfer are the very 
common boundary conditions. In this thesis, the 
investigation focus on the radiation. Radiation heat 
transfer refers to the transfer of energy between sur-
faces via electromagnetic waves. All matter emits 
thermal radiation from a surface while the tempera-
ture is high than absolute zero, and the radiation 
heat flux leaving a real surface is given as by the 
Stefan-Boltzmann law 
4
sTq εσ=                (2) 
where σ  is the Stefan-Boltzmann constant, Ts is 
the absolute temperature of the surface，and ε  is 
material property called emissivity. 
The finite element method begins with discre-
tizing the solid into elements and approximating the 
solution variable (temperature in this thesis) in each 
element with a polynomial function called shape 
function. The temperature in a typical element, eT , 
is approximated by functions in the form of 
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where Ni are the element interpolation functions, 
and Ti are the nodal temperatures at time t. The fi-
nite element equations can be got using the method 
of weighted residuals based on the governing dif-
ferential equations and the boundary conditions, 
rhqQrhc )( RRRRTKTKKTC ++++=++  (4) 
where C  is the specific heat matrix, cK  is the 
conductive matrix, hK  is convection matrix on 
the surfaces. QR , qR  and hR  are the heat load 
vectors, which is subjected to specified heat gen-
eration, specified heat flux and surface convection 
respectively. Finally the items correlating to the 
radiation are 
August  2006                  Research of the Higher-order Finite Element Arithmetic for Radiation Exchange                      · 199 · 
∫
Ω
=
2e
d4r
S
ΓT
∩
εσTK （emissive radiation） 
∫
Ω
−=
3e
drr
S
Γq
∩
NR  （absorbed radiation） 
In general, it won’t involve all of the terms to a 
given element in the solution region. For example, 
only elements on the surface region will have the 
terms associated with the boundary condition ap-
plied to the element. The terms are calculated indi-
vidually for each element in the region, and then are 
assembled into a global system of equations using 
traditional finite element techniques[15]. Radiation 
heat transfer boundary reacts to the term of rR , and 
is treated as radiation load vector, which can be 
calculated by the method of integrating the radiation 
heat flux and the element shape functions over the 
area of the element.  
Note that there is no restriction placed on the 
shape functions N. But the traditional methods for 
determining the radiation heat transfer, qr, assume 
that it is constant on the element surface. So, in or-
der to capture the temperature variation within an 
element using higher-order shape functions suc-
cessfully, methods of calculating the variable qr ac-
curately must be introduced. 
   2  Accurate Integration Formula for  
Surface Radiation Heat Flux 
To obtain a more accurate finite element 
method for radiation exchange, consider an element 
i which is one of an enclosure including n elements. 
The element is not isothermal on the surface and the 
radiation heat flux is not constant, as shown in 
Fig.1. 
 
 
 
 
 
 
 
 
 
 
The heat balance at the point ri on the element i 
is 
)()()( iiiiii rJrHrq −=            (5) 
where iq  is the local net radiation heat flux, iH  is 
the total radiation heat flux leaving the surface, and 
iJ  is the total incident radiation heat flux. iH  is 
made up of emitted and reflected radiation, and is 
called effective radiation， 
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where iJ  is a portion of the outgoing radiation 
heat fluxes from the other surfaces of the enclosure， 
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The above equation can be simplified by ap-
plying the reciprocity relation, 
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to get 
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Substituting this expression into Eq.(5) gives 
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Combining Eqs.(5) and (6) to eliminate the 
term of surface incident radiation yields 
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The equation can be substituted back into the 
Eq.(9) for Hk and Hj (with the subscript change from 
i  to  j ) to give 
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The equation relates the net surface radiation 
heat flux to the surface temperature. Note that it is a 
nonlinear integral equation and that to calculate the 
net radiation heat flux on the surface i, the net ra-
diation heat fluxes on all the other surfaces must be 
known in addition to the temperatures of all surfaces 
(including surface i). This seems a bit complex, but 
can be settled with the iterative solution technique, 
in which the temperatures and net radiation heat 
fluxes of the previous iteration can be used to the 
Fig.1  Enclosure consisted of n elements
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right hand side of Eq.(11) until the solution con-
verges to a intending precision. 
While the iterative solution technique is used 
to solve Eq.(11), a single value at some point ri 
can be got. So a functional representation for qi(ri) 
can not be obtained directly. Because the radiation 
heat flux is only used to calculate the load vector 
in the finite element formulation Eq.(4), and the 
load vector computation consists of integrating the 
product of the radiation heat flux and element 
shape functions which is usually done numerically, 
the radiation heat flux does not need to be a con-
tinuous function. In the thesis, by using the same 
discrete integration points in the integration 
scheme of Gauss integration method to evaluate 
the integrals in Eq.(4), the work becomes easy and 
efficient. The steps used to determine the radiation 
load vector are 
(1) Initialize all the unknowns (including tem-
peratures and radiation hear fluxes).  
(2) Specify the Gauss integration points. 
(3) Calculate the different form factors be-
tween gauss points on all elements.  
(4) Calculate the radiation heat fluxes at all 
Gauss points on all elements using Eq.(11) 
(5) Integrate the radiation heat fluxes and the 
element shape functions to obtain the load vectors 
in Eq.(4). 
(6) Solve Eq.(4) and update all the data. 
After the data are updated every time, the con-
dition of convergence must be checked to decide 
whether to do another iteration.    
3  Test Example 
(1)  Example 1 
This is a simple model, shown as Fig.2, which 
is made up of two parallel square plates with the 
length of 100 mm. The thickness is 2 mm, and 
their distance is 10 mm. The boundary condition is 
applied to the top one, which is a specific tem-
perature of 600 ℃. Note that, in order to obtain a 
reasonably simple theoretic solution, the conduc-
tivity is ignored and the emissivities of both plates 
is supposed to be 1. 
To give a simple measure of the accuracy of 
the solution, the error is defined using the nodal 
temperatures of the bottom plate as 
∑
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where Tanalytic is the theoretic solution, Tcompute is the 
computational solution, the superscript k denotes the 
node k on the bottom plate. The error can give a 
precision contrast with the solution from ANSYS, 
using the radiosity method which is based on the 
assumption of constant radiation heat flux along a 
surface. While calculating in ANSYS, a very small 
conductivity is given to the plates to approximate 
that there is no conduction. 
    In order to contrast the time consuming, the 
initial temperature of the bottom plate is 20 ℃, and 
the total calculation time is 3 hours, which is not the 
real time consuming. The solution is obtained on a 
2.8 GHz Pentium PC with 2 G bytes of RAM. 
Table 1 shows the error contrast of the solu-
tions to which from ANSYS using different num-
bers of grids. In this thesis, quadratic and 
three-order elements are used to calculate the radia-
tion heat exchange respectively. Table 2 shows the 
approximate time consuming contrast, which is get 
by manpower. 
Table 1  The error contrast of different solutions 
Number Answers Answers from Answers from 
of from quadratic three-orde 
grids ANSYS element element 
1 17.352 875 0.321 436 0.014 768 
9 8.754 713 5 0.179 246 0.007 015 
16 5.836 647 3 0.127 456 0.004 578 
36 3.458 215 8 0.084 572 0.001 987 
81 0.976 348 5 0.018 654 0.000 642  
Fig.2  The test model 1 
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The data indicate that using the integration 
method to calculate the radiation heat flux in 
higher-order element can improve the precision 
greatly. While using the same number of grids, the 
integration method may expend more time, but it 
may be more efficient at the specific accuracy re-
quired, so it may be valuable in the astronautic field. 
(2)  Example 2 
Now the integration method is used to the ra-
diation and conduction analyse in a real honeycomb 
panel used in the thermal protection system of space 
shuttle, shown as Fig.3, where the thickness of the 
top panel is L1=12.5 mm, the height of the core is 
L2=50 mm, the thickness of the bottom panel is 
L3=12.5 mm, the length of the core is W＝10 mm, 
the thickness of the core is 2 mm. The boundary 
conditions are applied to the top surface of the top 
panel, which is 500 ℃, and to the bottom surface of 
the bottom panel, which is 400 ℃. Here the emis-
sivity of the panel is 0.85, and only the radiation 
between the bottom surface of the top panel and the 
top surface of the bottom .panel is considered. For 
the panels,the conductivity is 0.078 W/(m·K),the 
specific heat is 1 300 J/(kg·K),the density is 
590 kg/m3. For the cores, the conductivity is 
 
 
 
 
 
 
 
 
 
 
0.170 W/(m• K),the specific heat is 1 300 J/(kg•
K),the density is 1 000 kg/m3. 
In this paper, a finite element model of 50 mm
×50 mm is built, and the curvature is ignored. The 
average temperature of the bottom surface of the top 
panel, which is Ta, and the average temperature of 
the top surface of the bottom panel, which is Tb, can 
be obtained using the method of thermal network[15]. 
Here the initial values of Ta and Tb are given ran-
domly as 480 ℃ and 420 ℃, and converge to Ta= 
455.56 ℃ and Tb = 444.40 ℃,respectively. 
Then the model is meshed with quadratic ele-
ments, which the top and bottom panel adopt 
20-node solid element and the core adopt 8-node 
shell element. The size of solid element is about 
5mm, and the number of the grids is 400. Along 
the height of the core it is meshed two layers, cre-
ating 200 grids. The solutions of the  Ta and Tb 
are 456.38 ℃ and 443.47 ℃ respectively. The 
relative errors are 0.18% and 0.21%, respectively, 
as compared to those got in thermal network 
method. 
 4  Conclusions 
The traditional finite element thermal analysis 
for radiation heat exchange is based on the as-
sumptions of uniform temperature and radiation 
heat flux on the element surface, which severely 
limits the application in the aeronautic and astro-
nautic industries. The integration method for the 
calculation of variable radiation heat flux is intro-
duced while using the higher-order element, which 
addresses the deficiencies of terrible precision or 
large quantity of grids while using lower-order 
element. By the simple test example 1, the preci-
sion is reasonably high in comparing to the AN-
SYS, and the calculation efficiency is considerably 
high. Then a real honeycomb panel with radiation 
and conduction, example 2, is analyzed, which 
indicates that the method is valuable in the aero-
nautic and astronautic field. 
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